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A De Morgan monoid A = hA; ·, ∧, ∨, ¬, ei comprises a distributive lattice
hA; ∧, ∨i, a commutative monoid hA; ·, ei satisfying x 6 x2 : = x · x, and a
function ¬ : A −
→ A such that A satisfies ¬¬x = x and
x · y 6 z ⇐⇒ x · ¬z 6 ¬y.
(The derived operations x → y : = ¬(x · ¬y) and f : = ¬e turn A into an
involutive residuated lattice in the sense of [4].) The class DM of all De Morgan
monoids is a variety that algebraizes the relevance logic Rt of [1]. Its lattice of
subvarieties ΛDM is dually isomorphic to the lattice of axiomatic extensions of
Rt . We study the former here, as a route to the latter.
To describe the atoms of ΛDM , we need to refer to the De Morgan monoids
depicted below. Note that, if b is the least element of a De Morgan monoid, then
a · b = b for all elements a. In what follows, V(A) denotes the smallest variety
containing an algebra A.
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Lemma 1. Up to isomorphism, 2, C 4 and D 4 are the only simple 0–generated
De Morgan monoids.
Theorem 2. The distinct classes V(2), V(S 3 ), V(C 4 ) and V(D4 ) are precisely
the minimal (nontrivial) varieties of De Morgan monoids.
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Lemma 1 is implicit in Slaney’s identification of the 0–generated finitely subdirectly irreducible De Morgan monoids [10], but it is easier to prove it directly.
Theorem 2 (which uses Lemma 1 and universal algebraic methods) does not seem
to have been stated explicitly in the relevance logic literature.
To understand ΛDM , it helps to know, for a given variety K of De Morgan
monoids, whether every proper subquasivariety of K generates a proper subvariety of K. If this is true, then K is said to be structurally complete, and so
is the axiomatic extension L of Rt corresponding to K. This means that every
proper extension of L (really of ⊢L ) has some new theorem—as opposed to having
nothing but new rules of derivation, cf. [2].
It has recently been shown that the relevance logic R of [1] (which is Rt without the Ackermann constants t and f) has no structurally complete axiomatic
consistent extension, except for classical propositional logic [9]. In fact, no such
extension of R is even passively structurally complete (PSC). In general, a logic is
PSC if each of its underivable finite rules α1 , . . . , αn / α (n ≥ 1) has the property
that some substitution turns all of α1 , . . . , αn into theorems. A variety K algebraizing a PSC logic is also said to be PSC, and this means that every existential
positive sentence in the first order language of K holds either in all or in none of
the nontrivial members of K, cf. [11]. Note that subvarieties of PSC varieties are
PSC, in contrast with the case of structural completeness.
The analysis of these notions in Rt turns out to be considerably more complex
than in the case of R. We are a long way from knowing which elements of ΛDM
are structurally complete, but the following result settles the case of PSC.
Theorem 3. A variety K of De Morgan monoids is passively structurally complete iff one of the following four (mutually exclusive) conditions holds:
(i) K is the variety V(2) of all Boolean algebras;
(ii) K = V(D4 );
(iii) K consists of odd Sugihara monoids;
(iv) C 4 is a retract of every nontrivial member of K.
Here, an odd Sugihara monoid is a De Morgan monoid in which f = e (whence,
as it happens, a2 = a for all elements a). Algebras of this kind are very well understood, cf. [6, 7]. In particular, the lattice of varieties of odd Sugihara monoids
is a chain of order type ω + 1, with V(S 3 ) as its atom. The De Morgan monoids
that have C 4 as a retract (or are trivial) form a quasivariety that is not a variety,
so the following result is not obvious:
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Theorem 4. The largest variety M of De Morgan monoids satisfying the demand
in Theorem 3(iv) exists, and it is finitely axiomatized.
The varieties described in items (i)–(iii) of Theorem 3 are in fact structurally
complete, as is V(C 4 ), but the situation for the other subvarieties of M is more
complicated. A construction in [5, Sec. 9] (with antecedents in [8]) embeds any
Brouwerian algebra into a De Morgan monoid belonging to M. It induces an
injective function from varieties of Brouwerian algebras to subvarieties of M that
preserves structural incompleteness. It is well known that the variety of all Brouwerian algebras is not structurally complete, so the same applies to at least some
subvarieties of M.
These remarks suggest that the classification of structurally complete varieties of De Morgan monoids might reduce, at least partially, to the corresponding
problem for Brouwerian algebras. The latter problem does not appear to have
been solved. The nearest result seems to be Citkin’s classification of the hereditarily structurally complete (HSC) varieties of Heyting algebras. (A variety is
HSC iff all of its subquasivarieties are varieties.) Not every structurally complete
variety of Heyting algebras is HSC; see [3].
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