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Fact. The FEP for a finitiely axiomatizable class K that forms the
algebraic semantics of a finitary logical system -, implies its strong
finite model property:

if ® 7 1), for finite ®, then there is a finite counter-model.
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Equations of the form ™ < x™, for natural numbers m and n, are Undecidability
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We consider the properties xy = yx (commutativity), x < 1
(integrality) and = < x? (contraction).
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then it has the FEP. Examples are Heyting algebras e ki
(Tarski-McKinzei) and more generally commutative k-potent
residuated lattices (Block-van Alten), 28+1 = 2%, S—

Zimin-like equations

Note that k-potency is not a necessary condition for local finiteness  zZiminike equations
of the monoid reduct, but periodicity (™ = z™ for some m,n) is; pombatanced 3]
also commutative periodic (for some fixed m, n) residuated lattices SIS el et

other cases

have locally finite monoid reducts. Undecidability
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Commutativity is not a necessary condition, either. For example,
together with periodicity, any equation (a) is sufficient instead of
commutativity. The open question is which monoid equations
together with periodicity yield local finiteness of the monoid reducts.
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cancellation we get 2% = 1, where d = |[r + 1 — > a;|.

We can also obtain z%1y;2y;112% = 29 y;y;,.12%, which yields
VixYir1 = Ty y:12%, by multiplying by the appropriate inverses
from the appropriate side. (We omit the argument when the zero
exponent is in one of the ends of the word.)
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Theorem The variety of monoids satisfying a non-balanced (a) is S
locally finite. Consequently, any variety of residuated latices SIS
axiomatized by any non-balanced (a) (and possibly by any other s
{V, -, 1}-identities) has the FEP. pe—

Zimin-like equations

Proof sketch: By a known theorem it is enough to check the local Zimin-like equations

Non-balanced [a]

finiteness of the varieties of groups and of nilsemigroups. st o e

Burnside problem and
other cases

I — 1 +1 _ 8 o
For groups setting vy, = 1 for all k, we obtain z"+! = £2-%; by Undecitaiity
cancellation we get 2% = 1, where d = r+1—=> ayl. Undecidability

We can also obtain z%1y;2y;112% = 29 y;y;,.12%, which yields
VixYir1 = Ty y:12%, by multiplying by the appropriate inverses
from the appropriate side. (We omit the argument when the zero
exponent is in one of the ends of the word.)

Then we use this identity to obtain a normal form for each word on a
finite number of generators {g1, 92, ..., gk}, by successively moving
each occurrence of the generators (one by one) to the ends of the
word, possibly by changing the exponents, to obtain the form

€1 €2 e Sk f2 [

9195 -+ 9:.°9" -+ g5 g7 - Using the identity r% =1 we can
actually assume that each of the ¢;, f; is at most d.
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Non-balanced [a]

We consider equations such as

Connections to the
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other cases

3 2 5 3
LY1 Y2 XY1 XY3IXY1 X — L Y1Y2x Y1 X Ysryixr , Undecidability
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which are determined by the vector a = (3,0, 2,5,1,3) of the
exponents of x on the right-hand side; we write [a] for this equation.
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which are determined by the vector a = (3,0, 2,5,1,3) of the
exponents of x on the right-hand side; we write [a] for this equation.

Note that [a] is a substitution instance of (a), so it is a weaker
equation. If each variable (namely =) appears the same number of
times in each side then we call it balanced.
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exponents of x on the right-hand side; we write [a] for this equation.
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We consider equations such as
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which are determined by the vector a = (3,0, 2,5,1,3) of the
exponents of x on the right-hand side; we write [a] for this equation.

Note that [a] is a substitution instance of (a), so it is a weaker
equation. If each variable (namely =) appears the same number of
times in each side then we call it balanced. Note that if the equation
is not balanced then it implies periodicity.

Theorem. If a monoid variety satisfies a balanced equation [a| and a
periodic identity then it is locally finite.
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r%x® = 2%tx° the equation obtained by setting y; = 1 except for & The Tarski-McKinze

and . Also we set d = b+ ¢ — 2a and g = ged{d, |b — a|}. St

Zimin-like equations

. . Zimin-like equations
Theorem. If g # d, and x9 appears at least d/g many times in w,

Connections to the

then we have local finiteness. In particular, if g = 1 or 2, we obtain Burnside problem and

. other cases
local finiteness. Undecidability

Undecidabilit
(Among other things, we make use the fact that in cancellative '

monoids if 2% = tx? and z¢t = tz¢, then xft = txf, where
= ng{da 6})

For example in our equation zyzrzryxr = yrzx*yxr we have
d=1+5—2-2=2and g = gcd{2,5—2} =1, so we have the FEP.
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Fact. The variety of monoids axiomatized by xyz = 2% 1y is Undecidability

locally finite if gcd(a,b) = 1.

Fact. The variety of monoids axiomatized by
Z3 = x¥0yxt zx*?yxs,

is locally finite when agajasas = 0.
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If 2z appears in v and w = ujv?us, then % appears in w (distribution

of squares), and it can be moved successively (by commutation of
squares) to be adjacent to every other occurrence of z in w, and
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by the above equations.
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In joint work with G. StJohn we can prove that the word problem of  comnections to the

Burnside problem and

the variety axiomatized by one of these equations, even with the other cases
addition of commutativity, is not primitive-recursively decidable. (We Zudsceeoiy

suspect it is undecidable.)
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In joint work with G. StJohn we can prove that the word problem of  tommsto e

Burnside problem and

the variety axiomatized by one of these equations, even with the other cases
addition of commutativity, is not primitive-recursively decidable. (We
suspect it is undecidable.) For the latter even the equational theory

is not primitive-recursively decidable.
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