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The papers [1, 3] propose a new approach to abstract algebraic logic in which,
instead of the usual equivalence-based classification of logical systems leading to
the Leibniz hierarchy of protoalgebraic logics (see [4]), we present an alternative
setting based on implication connectives. By studying the properties of implications (understood as generalized connectives defined by sets of formulae in two
variables and, possibly, with parameters), we have obtained a refinement of the
Leibniz hierarchy with several new classes of weakly p-implicational logics. Moreover, we have shown that implications define an order relation in the semantical
counterpart of these logics, i.e. in their reduced matrix models.
More precisely, given a propositional logic L (i.e. a structural consequence
−
relation) in a countable language L, let ⇒(p, q, →
r ) ⊆ Fm L be a set of formulae
in two variables (and possibly with some more variables as parameters). We say
that ⇒ is a weak p-implication in L if:1,2
(R)
(MP)
(T)
(sCng)

⊢L ϕ ⇒ ϕ
ϕ, ϕ ⇒ ψ ⊢L ψ
ϕ ⇒ ψ, ψ ⇒ χ ⊢L ϕ ⇒ χ
ϕ ⇔ ψ ⊢L c(χ1 , . . . , χi , ϕ, . . . , χn ) ⇔ c(χ1 , . . . , χi , ψ, . . . , χn )
for each hc, ni ∈ L and each i < n.

We will also need to make a use of the so-called ‘lattice disjunction’ i.e., a connective obeying the following conditions:
(∨1)
(∨2)
(∨3)
PCP
∗

⊢L ϕ ⇒ ψ ∨ ϕ
⊢L ϕ ⇒ ψ ∨ ψ
ϕ ⇒ χ, ψ ⇒ χ ⊢L ϕ ∨ ψ ⇒ χ
if Γ, ϕ ⊢L χ and Γ, ψ ⊢L χ, then Γ, ϕ ∨ ψ ⊢L χ

The authors were supported by the Czech Science Foundation project GA13-14654S.
We write ‘ϕ ⇒ ψ’ for the set {δ(ϕ, ψ, α1 , . . . , αn ) | δ(p, q, r1 , . . . , rn ) ∈
→
⇒(p, q, −
r ) and α1 , . . . , αn ∈ Fm L } and ‘ϕ ⇔ ψ’ for the set (ϕ ⇒ ψ) ∪ (ψ ⇒ ϕ).
2
The conditions imply that ⇔ is a parameterized equivalence and, hence, any logic with
a weak p-implication is protoalgebraic. Conversely, each protoalgebraic logic has a weak pimplication.
1

P. Cintula and C. Noguera

The class of reduced matrix models of L is denoted as MOD∗ (L). For any
matrix A = hA, F i ∈ MOD∗ (L), the implication defines an order relation as:
a ≤ b iff a ⇒A b ⊆ F , for each a, b ∈ A.
Although MOD∗ (L) already gives a complete semantics for the logic, it is
common to consider meaningful subclasses of reduced models which may provide stronger completeness theorems. A matrix A ∈ MOD∗ (L) is relatively
(finitely) subdirectly irreducible in MOD∗ (L), in symbols A ∈ MOD∗ (L)RSI
(A ∈ MOD∗ (L)RFSI ), if it cannot be decomposed as a non-trivial subdirect product of an arbitrary (finite non-empty) family of matrices from MOD∗ (L). Note
that in lattice-disjunctive logics (i.e., logics with some lattice-disjunction) a reduced model is in MOD∗ (L)RFSI iff its filter is ∨-prime. The class MOD∗ (L)RSI
gives a complete semantics whenever L is finitary.
Let L be a protoalgebraic logic and K ⊆ MOD∗ (L). We say that L has the
strong K-completeness, SKC for short, when for every set of formulae Γ ∪ {ϕ} we
have: Γ ⊢L ϕ if, and only if, Γ |=K ϕ. We add the prefix ‘finite’ (or drop ‘strong’)
if the equivalence holds for all finite Γs (or empty Γ respectively).
Of course, the SKC implies the FSKC, and the FSKC implies the KC. The
aim of this talk is to prove characterizations of these properties that will allow,
for particular choices of logics and classes of reduced models, either to show or
to falsify the corresponding completeness properties, and to prove relationships
between completeness properties w.r.t. different matricial semantics. In this abstract, as a sample, we present three particular results. The first one is a simple
consequence of model-theoretic considerations and is implicit in the literature.
The other two utilize the presence of a lattice disjunction.
Theorem 1: Let L be a protoalgebraic logic and K ⊆ MOD∗ (L). Then:
1. L has the KC if, and only if, MOD∗ (L) ⊆ HSP(K).
2. L has the FSKC if, and only if, MOD∗ (L) ⊆ ISPPU (K).
3. L has the SKC if, and only if, MOD∗ (L) ⊆ ISPσ-f (K).
Theorem 2: Let L be finitary lattice-disjunctive protoalgebraic logic. Then the
following are equivalent:
1. L has the SKC.
2. Every non-trivial countable matrix from MOD∗ (L)RFSI is embeddable into
some member
of K.
3. Every countable matrix from MOD∗ (L)RSI is embeddable into some member
of K.
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Theorem 3: Let L be finitary lattice-disjunctive protoalgebraic logic in a finite
language and K ⊆ MOD∗ (L)RFSI . Then the following are equivalent:
1. L has the FSKC.
2. Every countable matrix from MOD∗ (L)RFSI can be partially embedded into
some
member of K.
3. Every countable matrix from MOD∗ (L)RSI can be partially embedded into
some
member of K.
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