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Markov’s unrecognizability theorem is to the effect that the isomorphism problem for finitely presented `-groups is undecidable [9, 6]. However, the isomorphism
problem for finitely presented unital `-groups (and MV-algebras) is still open [7,
§20.3, Problem 1].
An important difference between the isomorphism problems of these structures
is that the duality between finitely presented MV-algebras and rational polyhedra is a rich source of computable invariants, such as: the number of rational
points of a given denominator d = 1, 2, . . . in the maximal spectral space µA , [7,
Proposition 3.15 and Theorem 4.16]; the rational measure of the t-dimensional
part of µA , (t = 0, . . . , dim(µA )), [7, §14], [8].
In this work we concentrate our efforts on the study of finitely presented projective MV-algebras. From the Baker-Beynon duality [1, 2, 3] one easily obtains
that finitely generated projective `-groups coincide with the finitely presented
ones. This is not the case for MV-algebras, where finitely generated projective
MV-algebras are a proper subclass of finitely presented MV-algebras. A geometric characterisation of the rational polyhedra dual to finitely generated projective
MV-algebras was presented in [4, 5].
We introduce a new numerical invariant for projective MV-algebras and study
its properties. First we need the following notation: the multiplicity r(A) of
a retract A of the n-generator free MV-algebra (M([0, 1]n ) the MV-algebra of
McNaughton functions from [0, 1]n to [0, 1]) is the number of distinct retractions
of M([0, 1]n ) onto A if this number is finite, and ∞ otherwise. The index ι(B) ∈
{1, 2, . . .}∪{∞} of a finitely generated projective MV-algebra B is the supremum
of the multiplicities of all A ∼
= B such that A ⊆ M([0, 1]κ ), with k the smallest
number of generators of B.
It is easy to see that the index of every finitely generated free MV-algebra is 1.
Also, the index of one-generator projective MV-algebras is simple to determine.
Indeed if B ∼
6= {0, 1} is a one-generator projective MV-algebra. Then ι(B) = 2,
unless the maximal spectral space µB contains an element m such that B/m ∼
=
{0, 1/2, 1} and µB \ {m} is disconnected in which case ι(B) = 1. This is discreet
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behaivoir of the index only holds for one-generator projective MV-algebras. For
each m there exist 2-generated projective MV-algebras A such that ι(A) ≥ m.
Our main results are: (1) to determine when the index and the multiplicity of
retract A of M([0, 1]n ) are finite; (2) the computability of the multiplicity when
we are given a retraction from M([0, 1]n ) onto A.
Theorem 1. Suppose A is a retract of M([0, 1]n ). Then the following are equivalent:
(a) µA is a closed domain in [0, 1]n , that is, it coincides with the closure of its
interior in [0, 1]n ;
(b) r(A) is finite.
Corollary 2. Let k be the smallest number of generators of a finitely generated
projective MV-algebra B. Then the index of B is finite iff the maximal spectral
space of B is homeomorphic to a regular domain in [0, 1]k .
From the geometric characterisation of projective MV-algebras presented in
[4], we can prove that given a finite presentation of an MV-algebra A, checking
whether A is a projective MV-algebra is not a decidable problem. Therefore, in
the following result, to describe a finitely presented MV-algebra we provide an
idempotent endomorphism of the free algebra M([0, 1]n ) instead of a presentation.
(Observe that an endomorphism can be presented by f (π1 ), . . . , f (πn ), the images
of π1 , . . . , πn the free generators of M([0, 1]n ). Moreover, given f (π1 ), . . . , f (πn )
it is decidable of f is idempotent.)
Theorem 3. Let f : M([0, 1]n ) → M([0, 1]n ) be an idempotent endomorphism
and A = f (M([0, 1]n )). The multiplicity r(A) is computable from generators
f (π1 ), . . . , f (πn ) of A.
Wether the index is computable or not remains an open problem.
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